Djokovic不等式の一考察 (作用素の不等式とその周辺) by 高橋, 眞映 et al.
Title Djokovic不等式の一考察 (作用素の不等式とその周辺)
Author(s)高橋, 眞映; 高橋, 泰嗣; 本田, あおい











1 $n$ Euclid $R^{n}$ $x,$ $y,$ $z$
$|x+y|+|y+_{\overline{4}}|+|z+x|\leq|x|+|y|+|z|+|x+y+z|$





Theorem D. Let $X$ be a Hlawka space and $n,$ $k$ natural numbers with $\mathit{2}\leq k\leq n-1$ .
Then
$i_{1^{<}} \sum_{1\leq\cdots<i_{k}\leq n}|x_{i_{1}}+\cdots+X_{i_{k}1\leq}’\sum^{l}\mathrm{I}X_{i}\mathrm{I}+(_{k-2}n-2\lambda=\sum_{i1}^{n}x_{i}|$
holds for all $x_{1},\cdots,$ $x_{n}\in \mathrm{x}$ .
$k=\mathit{2}$ Admovic $k=\mathit{2},$ $n=3$
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3 $X$ Banach $n$ $k(1\leq k\leq n)$
$x_{1},\cdots,$ $X_{n}\in \mathrm{x}$
$\delta_{k(X_{1}},\cdots,$ $x_{n})= \sum 1\leq i\mathrm{l}<\cdots<i_{k}\mathrm{s}n|X_{i_{1}}+\cdots+X_{i_{\mathrm{k}}1}$
$\{\delta_{k} : 1\leq k\leq n\}$ $X\oplus\cdots\oplus X$ ( $n$ )
$\delta_{n}$ – $\delta_{1}$ – :
$k-1n-1)\delta_{n}\leq\delta_{k}\leq\delta_{1}(1\leq k\leq n)$ .




$\delta_{k(X_{1}},\cdots,$ $x_{n}) \geq|_{1\leq\iota<}\sum_{1<\mathrm{t}^{\mathrm{s}}n}\ldots Xi_{1}i+\cdots+x_{i_{k1}}$
$=|x_{1}+\cdots+\kappa_{n}|=\delta_{n}(X_{1},\cdots, X_{n})$
$\delta_{k}\leq\alpha\delta_{1}+\beta 6n$ on $X\oplus\cdots\oplus X$
$\alpha,$ $\beta$
$\alpha$ $\beta$ Diokovic





Diokovic Hlawka $H$ $n,$ $k(\mathit{2}\leq k\leq n-1)$ Djokovic
Diokovic Djokovic
Diokovic
3 $\ovalbox{\tt\small REJECT}$ Diokovic
Banach Hlawka
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Djokovic $(,$$)$ – 4
Theorem 1. Let $X$ be a non-trivial real Banach space and $1\leq k\leq n$ . Then
(i) $D(n, k;X)$ is a closed convex subset of $R^{2}$
(ii) $D(1,1;\mathrm{x})=\{(\alpha, \beta)\in R^{2} : \alpha+\beta\geq 1\}$ .
(iii) $D(n, 1;X)=$ { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq 1$ and $\alpha+\beta\geq 1$ } for $n\geq 2$ ,
(iv) $D(n, n;x)=$ { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq 0$ and $\alpha+\beta\geq 1$ } for $n\geq 2$ .
(v) $D(n, k;X)\subseteq$ { $(a,$ $\beta)\in R^{2}$ : $\alpha\geq$ and $\alpha+\beta\geq$} for $2\leq k\leq n-1$ .
(vi) If $X$ is aHlawka space, then
.- $-$
$D(n, k;X)=$ { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq$ and $\alpha+\beta\geq$} for $2\leq k\leq n-1$ .
(vii) $(,$$)$ is the only extreme point of $D(n, k;X)$ for $\mathit{2}\leq k\leq n-1$ .
:(vi) Proposition 3
Proof of Theorem 1. (i) and (ii) These follow from an easy observation.
(iii) Let $(\alpha, \beta)\in D(n, 1;\mathrm{x})$ and $e$ a unit vector in $X$ . Then
$\delta_{1}(e, -e, 0,\cdots, 0)\leq\alpha\delta_{1}(e, -e, 0,\cdots, 0)+\beta\delta_{n}(e, -e, 0,\cdots, 0)$
holds and hence $1\leq\alpha$ . Also
$\delta_{1}(e, 0,\cdots, 0)\leq\alpha\delta_{1}(e, 0,\cdots, 0)+\rho_{\delta_{n}}(e, 0,\cdots, 0)$
holds and hence $1\leq\alpha+\beta$ . Therefore $D(n, 1;X)\subseteq$ { $(a,$ $\beta)\in R^{2}$ : $\alpha\geq 1$ and $\alpha+\beta\geq 1$ }.
Conversely, observe that all points on the semi lines $L_{1}$ and $L_{2}$ belong to the domain
$D(n, 1;X)$ . where
$L_{1}=\{(\alpha, \rho):\alpha=1, \beta\geq 0\}$
and
$L_{2}=\{(\alpha, \rho):\alpha+^{\rho}=1, \beta\leq 0\}$ .
Since $\mathrm{c}\mathrm{o}(L_{1}\cup L_{2})=$ { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq 1$ and $a+\beta\geq 1$ }, it follows from (i) that the inverse
inclusion holds. Here co denotes the convex hull.
(iv) This follows from the same observation as (iii).
(v) Suppse $2\leq k\leq n-1$ . Let $(\alpha, \beta)\in D(n, k;X)$ and $e$ aunit vector in $X$ . Then
$\delta_{k}(e, -e, 0,\cdots, 0)\leq\alpha\delta_{1}(e, -e, 0,\cdots, 0)+\beta\delta_{n}(e, -e, 0,\cdots, 0)$
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holds. Since $\delta_{k}(e, -e, 0,\cdots, 0)=2,$ $\delta_{1}(e, -e, 0,\cdots, 0)=2$ and $\delta_{n}(e,- e, 0,\cdots, 0)=0$ ,
it follows that $\leq\alpha$ . Also
$\delta_{k(e},$ $0,\cdots,$ $0)\leq\alpha\delta_{1}(e, 0,\cdots, 0)+\beta\delta_{n}(e, 0,\cdots, 0)$
holds. Since $\delta_{k(e},$ $0,\cdots,$ $0$) $=,$ $\delta_{1}(e, 0,\cdots, 0)=\delta(en’ 00,\cdots,)=1$ . it follows that
$\leq\alpha+\beta$ . Consequently, we obtain the desired result.
(vi) Suppose that $X$ is a Hlawka space and $\mathit{2}\leq k\leq n-1$ . By $\mathrm{D}\mathrm{j}\mathrm{o}\mathrm{k}\mathrm{o}\mathrm{v}\mathrm{i}\mathrm{C}^{\dagger}\mathrm{s}$ inequality,
we see that $(,$$)$ belongs to the Djokovic domain $D(n, k;X)$ . This fact
implies that all points on the semi-line
$L_{3}=\{(a, \rho)\in R2:\alpha=, \beta\geq\}$
also belong to $D(n, k;X)$ . Moreover, all points on the semi-line
$L_{4}=\{(\alpha, \rho)\in R2:\beta\leq 0, \alpha+\beta=\}$
also belong to $D(n, k;X)$ . In fact, if $\beta\leq 0$ and $X_{1},\cdots,$ $X_{n}\in X$ , then we have
$\delta_{k}(x_{1},\cdots, x)n-\beta\delta_{n}(X_{1},\cdots, X_{n})\leq\sum_{i\iota \mathrm{s}1<\cdots<i_{k}\leq n}(|X_{i_{1}}|+\cdots+|xik|_{\mathrm{I}^{-\beta}x_{1’ n}}\delta_{n}(\cdots, X)$
$\leq\delta_{1}(x_{1},\cdots, X_{n})-\beta\delta 1(X\cdots, X)1’ n$
$=(-\beta)\delta(x_{1’ n}\ldots, x1)$
and hence $(-\beta,$ $\rho 1$ must belong to $D(n, k;X)$ . Therefoe all points on $L_{4}$ belong to
$D(n, k;X)$ . Then we see form (i) that $\mathrm{c}\mathrm{o}(L_{3}\cup L_{4})\subseteq D(n, k;X)$ .
On the other hande, note that $+=$ and hence
$\mathrm{c}\mathrm{o}(L_{3}\cup L_{4})=$ ({ $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq$ and $\alpha+\beta\geq$}.
Consequently, { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq$ and $\alpha+\beta\geq$} $\subseteq D(n, k;X)$ . $\Pi \mathrm{e}$ inverse
inclusion follows from (v).
(vii) This follows immediately from (vi). Q. E. D.
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Djokovic
Theorem 2. Let $X$ be a non-trivial real Banach space and $2\leq k\leq n-1$ . Then
(i) { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq$ and $\alpha+\beta\geq$} $\subseteq D(n, k;X)$ for $2 \leq k\leq\frac{n}{2}$ .
(ii) { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq$ , $\alpha+\beta\geq$ and $n\alpha+(2k-n)\beta\geq n$}
$\subseteq D(n, k;X)$ for $\frac{n}{2}<k\leq n-1$ .
Proof. Let $x_{1},\cdots,$ $x_{n}\in \mathrm{x}$ . $7\mathrm{h}\mathrm{e}\mathrm{n}$ we have
$\delta_{k(X_{1’ n}}\cdots,$$X)= \sum_{j1\leq j\mathrm{l}<\cdots<n- k^{\leq n}}|x_{1}+\cdots+X_{n}-(x_{j}+\cdots+X)1\dot{h}- \mathrm{k}|$
$\leq\ldots\sum_{n\iota\leq j1^{<}<\dot{h}- k^{\leq}}|X_{\iota n}+\cdots+x|+\sum_{k}1\leq j_{1}<\cdots<_{\dot{h}-}\leq n(|x_{j_{1}1+}...+|x_{i_{l-}\mathrm{k}}|)$
$=\delta_{n}(X_{1},\cdots, Xn)+\delta_{1}(x_{1’ n}\ldots, x)$ .
Since$=$, it follows that $(,$ $)$ belongs to the Djokovic domain
$D(n, k;X)$ . This implies that all points on the semi-line
$L_{5}=\{(\alpha, \beta)\in R^{2}:\alpha=, \beta\geq\}$
also belong to $D(n, k;X)$ . Also since $\delta_{k}\leq\delta_{1}$ , it follows that all points on the semi-
line
$L_{6}=\{(\alpha, \beta)\in R^{2}:\alpha=, \beta\geq 0\}$
belong to $D(n, k;X)$ . Moreover, as observed in the proof of Theorem $1-(\mathrm{v}\mathrm{i})$ , all points on
the semi-line $L_{4}=\{(\alpha, \beta)\in R^{2} : \beta\leq 0, \alpha+\beta=\}$ belong to $D(n, k;X)$ . Then we
have $\mathrm{c}\mathrm{o}(L_{4}\cup L_{5}\cup L_{6})\subseteq D(n, k;X)$ . Note that $\leq$ if and only if $k \leq\frac{n}{2}$ .
Hence $\mathrm{c}\mathrm{o}(L_{4}\cup L_{6})\subseteq D(n, k;\mathrm{x})$ for $\mathit{2}\leq k\leq\frac{n}{2}$ and $\mathrm{c}\mathrm{o}(L_{4}\cup L_{s})\subseteq D(n, k;X)$ for
$\frac{n}{2}<k\leq n-1$ . Q.E. D.
Hlawka case $n=3,$ $k=\mathit{2}$ $X$
Banach $D(X)=D(3,2;X)$
$D_{\infty}=$ { $(\alpha,$ $\beta)\in R^{2}$ : $\alpha\geq 1,$ $\alpha+\beta\geq \mathit{2}$ and $3\alpha+\beta\geq 6$},
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$D_{H}=\{(\alpha, \rho)\in R^{2} : \alpha\geq 1, \alpha+\beta\geq \mathit{2}\}$
Theorems 1, 2 $D_{\infty}\subseteq D(X)\subseteq D_{H}$ Theorem 1 $X$
Hlawka $D(X)=D_{H}$ Hlawka
$D_{\infty}$ Banach
$X=l_{n}^{\infty}(R)(3\leq n\leq\infty)$ D\infty =D(
$x=(-1,1,1, \mathrm{o}, \cdots),$ $y=(1, -1,1,0, \cdots),$ $\mathrm{z}=(1,1, -1,0, \cdots)$
$|x+y|+|_{\mathcal{Y}^{+}}Z|+|z+x|\leq\triangleleft 1X|+|\mathcal{Y}|+|\mathrm{Z}|)+\mathrm{d}^{X}+y+Z|$




$D_{H}\backslash D_{\text{ }}$ $\alpha\beta-$ 3
$(1, 1)$ , $(1, 3)$ , $(\mathit{2}, 0)$
Diokovic’s inequality Hlawka
$\circ$
Proposition 3. A Banach space X is Hlawka if and only if there exists natural numbers
$n$ and $k$ such that $2\leq k\leq n-1$ and
$1< \cdot\sum_{1\leq i\cdot\cdot<\mathrm{i}k\mathrm{S}n}|x_{i_{1}}+\cdots+x_{i_{k}}|\leq\sum_{i-- 1}n|x_{i}|+(_{k-2}n-\mathit{2}\lambda \mathrm{i}=\sum_{1}^{n}x_{i}|$ holds for any $x_{1},\cdots,$ $x_{n}\in X$ .
Proof. (i) Necessity. Take $n=3$ and $k=2$ .
(ii) Suffciency. Let $n$ and $k$ be such that $\mathit{2}\leq k\leq n-1$ and suppose
C)
$1\leq$ . $\sum_{1^{<}<i\mathrm{k}\mathrm{s}n}\ldots|Xi_{1}+\cdots+X_{i_{k}1\leq}\sum_{i=1}^{n}$ I $xi|+(n-2k-2 \lambda_{i-}-\sum_{1}x_{i}|n$
holds for any $X_{1},\cdots,$ $X_{n}\in \mathrm{x}$ . We can assume $n\geq 4$ . Let us consider the case of
$x_{4}=\cdots=x_{n}=0$ . Then
$\sum_{i=1}^{n}|X_{i}|+|\sum_{i-- 1}xni|=(|x_{1}|+|X_{2}1+|h1)+|X_{1}+X_{2^{+}}\ |$ .
Set
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$\rho_{0}=\#\{(i1’\ldots,ki) : 1\leq i_{1}<\cdots<i_{k}\leq n, |x_{i_{1}}+\cdots+x_{i_{k}1}=|X_{1}+X_{2^{+}}\ |\}$ ,
$p_{j}=\#\{(i_{1},\cdots, ik) : 1\leq i_{1}<\cdots<i_{k}\leq n, |x_{i_{1}}+\cdots+X|i_{k}=|X_{j}|\}(j-1,2,3)$ ,
$\rho_{4}=\#\{(i_{1’ k}\ldots, i)$ : $1\leq i_{1}<\cdots<i_{k}\leq n,$ $|x_{i_{1}}+\cdots+X|i_{k}=|X_{1}+X_{21\}}$ ,
$\rho_{5}=\#\{(i_{1},\cdots, i_{k}):1\leq i_{1}<\cdots<i_{k}\leq n, |x_{i_{1}}+\cdots+x_{i}|k=|x_{2}+j\mathrm{b}|\}$
and
$\rho_{6}=\#\{(i1’\ldots,ki) : 1\leq i_{1}<\cdots<i_{k}\leq n, |xi_{1}+\cdots+X|i_{k}=|x_{3^{+}}x_{1}|\}$ .
Then
$\sum_{1\leq i_{1^{<}}\cdots<ik^{5n}}|x_{i_{1}}+\cdots+x|i_{k}$
$=\rho \mathrm{i}^{x_{1^{+x_{2}+}}}X_{3}|+\rho_{1}|X_{1}|+\rho_{2}|X_{2}|+\rho_{3}|$ $|+\rho \mathrm{J}x_{1}+x_{2}|+p4^{x_{2^{+}}}\ |+\rho_{6}|i\mathrm{b}^{+}x_{1}|$ .
Note that
$\rho_{0}=\{_{(\begin{array}{ll}n -3k -3\end{array}),\geq 3}^{0,\mathrm{i}}\mathrm{f}k=2\mathrm{i}\mathrm{f}k$
, $p_{1}=p_{2}=\rho_{3}=\{_{(\begin{array}{l}-n3k-1\end{array})}^{n-3,\mathrm{i}\mathrm{f}}$ $\mathrm{i}\mathrm{f}k\geq 3k=2$ . $.,$
.
and
$p_{4}=\rho_{5}=\rho_{6}=\{_{(\begin{array}{ll}n -3k -2\end{array}),\geq 3}^{1,\mathrm{i}\mathrm{f}k}=\mathit{2}\mathrm{i}\mathrm{r}k$
.
Hence, if $k=2$ , then
$1 \sum_{1\leq i<\cdots<i_{k}\leq n}|X_{i_{1^{+}}}\cdots+x_{i_{k}1}=(n-3)(|x_{1}|+|x2|+1h|..)+|X_{1}+X_{2}|+|x_{2}+h|+|x_{3^{+X_{1}}}1$
and
$\sum_{i=1}^{n}|X|i+|_{i-1}\sum_{-}^{n}x_{i}[=(n-2)(1^{x_{1}}\mathrm{I}+|X_{2}|+|\text{ }|)+|x_{1^{+}}X_{2^{+}}i\mathrm{b}|\cdot$
Then $(^{*})$ implies that
$|x_{1}+x_{2}|+|x_{2}+\mathrm{j}\mathrm{b}|+|X_{3}+X_{1}|\leq|x_{1}|+1^{X_{2}}|+|x_{3}|+|X_{1}+X_{2^{+_{h1}}}$
holds for any $X_{1},$ $X_{2},$ &E $X$ . Therefore $X$ is a Hlawka space. Moreover, if $k\geq 3$ . then
$<. \sum_{1\simeq i_{1}\cdot\cdot<ik\leq n}|x_{i_{1}}+\cdots+x_{i_{k}1}$
$=|X+X+12n|+(|x_{\iota}|+|X|2+|_{k}|)+(|x_{1}+x|2+|X+\mathrm{j}\mathrm{b}|+|i\mathrm{b}^{+}x1|12$





holds for any $X_{1},$ $X_{2},$ &\in X. Note that
$-=-=$and so $(^{**})$ implies that
$|x_{1}+x_{2}|+|x_{2}+\ |+|x_{3}+x_{1}|\leq|x_{1}|+|x_{2}|+|$ $|+|x_{1}+x_{2}+x_{3}|$
holds for any $x_{1},$ $x_{2’ 3}x\in X$ . Therefore $X$ is a Hlawka space. Q. E. D.
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